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Using a combination of accurate density-functional theory and a nonequilibrium Green function’s
method, we calculate the ballistic thermal conductance characteristics of tensile-strained armchair
(AGNR) and zigzag (ZGNR) edge graphene nanoribbons, with widths between 3 − 50 A˚. The
optimized lateral lattice constants for AGNRs of different widths display a three-family behavior
when the ribbons are grouped according to N modulo 3, where N represents the number of carbon
atoms across the width of the ribbon. Two lowest-frequency out-of-plane acoustic modes play a
decisive role in increasing the thermal conductance of AGNR-N at low temperatures. At high
temperatures the effect of tensile strain is to reduce the thermal conductance of AGNR-N and
ZGNR-N . These results could be explained by the changes in force constants in the in-plane and
out-of-plane directions with the application of strain. This fundamental atomistic understanding of
the heat transport in graphene nanoribbons paves a way to effect changes in their thermal properties
via strain at various temperatures.
PACS numbers: 68.65.-k, 66.70.-f, 63.20.D-
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I. INTRODUCTION
Recently there is a surge in research activities on heat
transport through nanostructures as evidenced by the
emergence of a few review papers.1–3 The reasons for this
change abound. The first is related to heat management
in nanoelectronic circuits,4 since the miniaturization of
electronic devices demands efficient dissipation of heat.
The second is related to the utilization of the thermo-
electric effect5 to harness heat in nanostructures that
may help in alleviating the worldwide energy problem.
Graphene and its derivatives such as graphene nanorib-
bons (GNRs) are among the most promising materials
in these respects. Various experimental values for the
heat conductivity of graphene have been reported, e.g.,
4840 − 5300 Wm−1K−1 (Ref. 6), 600 − 630 Wm−1K−1
(Ref. 7), and 1400−2500 Wm−1K−1 (Ref. 8). This points
to the fact that high heat conductivity is expected for
graphene (in stark contrast to, e.g., the heat conductiv-
ity of Ag which is only ∼ 430 Wm-1K-1 at room tem-
perature). The high thermal conductance of graphene
has made it very popular for use as a filler in thermal
interface materials.3 For example, the heat conductivity
of epoxy resins was improved by 30 times upon addition
of 25 vol% graphene additive,9 and by 2.6 times when
2 wt% of graphene was added to polystyrene.10
Graphene could also be potentially used as a ther-
moelectric material to generate thermoelectric power.3
The efficiency of thermoelectric materials can be quan-
tified using the thermoelectric figure of merit ZT=
S2GeT/(σel + σph), where S is the Seebeck coefficient
(also known as the thermopower), Ge is the electronic
conductance, T is temperature and σel (σph) is the elec-
tronic (thermal) conductance. Graphene has a superior11
electronic conductanceGe, and a large
12 theoretical value
of S ∼ 30 mV/K. Even though the experimental13 val-
ues of S for graphene are more modest (40 − 80 µV/K)
compared to that for the inorganic5,14 thermoelectric ma-
terials (150− 850 µV/K), graphene might still qualify as
a good thermoelectric material if its high value of (σel +
σph) could be suppressed. Although graphene is a semi-
metal, its heat conduction is dominated by σph and not
by σel due to the strong sp
2-hybridization that efficiently
transmits heat through lattice vibrations.15 Various ways
have been proposed to increase the phonon scattering
centers in graphene, e.g., by increasing the disorder at
graphene edges,16 by introducing isotopes in graphene,17
and by creating vacancy defects in graphene.18 GNRs
with vacancy defects was predicted to have a ZT of up
to 0.25.19
The experimental demonstrations of the excellent
heat properties of graphene and GNRs have stimulated
many theoretical works.20–28 It is known that apply-
ing strain to graphene induces changes to the electronic
structure,29 resistance,30 Raman spectra,31 and ther-
mal conductivity32. For GNRs, different theoretical ap-
proaches have been used to study the heat properties
of both the unstrained and strained GNRs. Thus far,
molecular dynamics (MD) studies concluded that both
compressive and tensile strains are detrimental to the
heat conductivity of graphene32 or GNRs.24,25,33 Wei et
al.25 and Gunawardana et al.33 concluded that the con-
ductivity of armchair edge GNRs is more sensitive to-
ward strain than their zigzag edge counterparts. Guo et
al.24 used a slightly different approach than that used
in Ref. 25, which resulted in slightly different but es-
sentially similar predictions. We note that the MD
method is well-suited for investigating heat conduction
in the diffusive regime and at high temperatures. How-
ever, in the ballistic regime and at low temperatures,
intricate quantum mechanical effects come into play.28
Since the phonon mean free path in graphene is ∼ 775
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2nm at room temperature,4 the heat conduction is bal-
listic for small-scale graphene nanodevices. The phonon
mean free path is reduced to ∼ 20 nm in presence of
edge disorders34,35. Zhai et al.36 addressed the thermal
conductance of GNRs using a ballistic nonequilibrium
Green’s function (NEGF) approach.37–39 They extracted
the force constants of strained graphene via the elas-
ticity theory and applied that to study strained GNRs.
They concluded that thermal conductance is enhanced
with tensile strain, with an enhancement ratio of up to
17% and 36% for zigzag edge and armchair edge GNRs,
respectively.36 However, we note that a large 19% strain
applied in Ref. 36 might put the applicability of the elas-
ticity theory in the high strain regime to a severe test.
In this work, we investigate the thermal conductance
characteristics of strained GNRs by using a combina-
tion of (1) density-functional theory (DFT) that accu-
rately treats the atomic and electronic structures of sub-
nanometer width GNRs, and (2) the NEGF method that
has been extensively used to study the heat37,39 and
electron40 transport through nanostructures. Our results
may shed light on how the heat conductivity of graphene-
polymer composites could be affected under loading, and
the possibility of using strain to tune the thermal con-
ductance of GNRs to improve its ZT value.
II. MODELS AND METHODOLOGY
In this work, we calculate the thermal conductance
of the zigzag (ZGNR-N) and armchair edge graphene
nanoribbons (AGNR-N) as shown in Figure 1(a) using
a combination of first-principles density-functional cal-
culations and the ballistic nonequilibrium Green’s func-
tion (NEGF) method.37–39,41 The uniaxial strain im-
posed on the GNRs is described by the strain parameter
ε = (`−`0)/`0, where ` (`0) is the length (relaxed length)
of the ribbon along the edges. A tensile (compressive)
strain corresponds to ε > 0 (ε < 0). We note that the
GNR edges have compressive edge stresses42 that might
cause the GNRs to buckle43,44 that will lead to a decrease
of thermal conductance24,25,32 due to increased phonon-
phonon scattering. A proper treatment of buckled GNRs
using DFT involves many atoms in a supercell and this
demands extensive computing resources. Therefore we
limit this work to studying the effects of tensile strain on
the flat GNRs. The thermal conductance σ(T, ε) at tem-
perature T and strain ε is calculated from the Landauer
expression,
σ(T, ε) =
∫ ∞
0
dν hνθ(ν)
∂nB(ν, T )
∂T
(1)
or equivalently,45
σ(T, ε) =
h2
kT 2
∫ ∞
0
dν ν2θ(ν)
ehν/kT
(ehν/kT − 1)2 (2)
where nB(ν, T ) =
1
ehν/kT−1 is the Bose-Einstein dis-
tribution for frequency ν and temperature T , h (k) is
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FIG. 1: (a) The width W of the zigzag (ZGNR-N) and arm-
chair (AGRNR-N) edge graphene nanoribbons is controlled
by N that represents the number of carbon atoms across the
width of the ribbon. Hydrogen atoms are attached to the
edge carbon atoms to terminate the dangling bonds. For very
large W , the optimized length `0 of the primitive cell along
the edge direction should approach a′0 for ZGNR-N and a
′
0
√
3
for AGNR-N , where a′0 is the lattice parameter of graphene.
The primitive unit cells are demarcated by dotted lines. (c) A
supercell comprising of nine primitive unit cells is constructed
for the phonon calculations.
the Planck (Boltzmann) constant. The key quantity is
the transmission function θ(ν) that may be calculated
in general cases using the nonequilbrium Green’s func-
tion method38 or by counting the number of phonon
bands at frequency ν for quasi-one-dimensional periodic
systems.45 We have used the latter approach to get θ(ν)
due to its computational efficiency to treat the problem
at hand. It is interesting to note that at low tempera-
tures T , only the very low-frequency modes contribute to
thermal conductance. Therefore θ(ν → 0) = Nm in eqn.
2 may be taken out of the integral sign and this leads to
a quantization46,47 of the thermal conductance according
to σ(T, ε) = k
2T
h Nm
∫∞
0
du u
2eu
(eu−1)2 = Nm
pi2k2T
3h .
We perform density-functional theory (DFT) calcula-
tions using the SIESTA package.48 The local-density ap-
proximation is used for the exchange-correlation func-
tional. Double-ζ basis sets and Troullier-Martins pseu-
dopotentials are used for the C and H atoms. We use
a vacuum separation of 15 A˚ in the y and z directions
consistent with the convention adopted in Figure 1(b).
The mesh cutoff is 400 Ry. The atomic positions are re-
laxed using the conjugate gradient algorithm with a force
30 10 20 30 40 50
GNR width, W (Å)
2.47
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AGNR-N, N=3p+2
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FIG. 2: The approach of the optimized lateral lattice param-
eter a0 for AGNR-N (N = 4 to 41) and ZGNR-N (N = 2 to
25) toward a′0, the optimized lattice parameter of graphene
(denoted by a horizontal dash line) as the width W of the rib-
bon increases. A three-family behavior is observed for AGNR-
N .
tolerance criterion of 10−3 eV/A˚. As was demonstrated
in Refs. 49 and 42, spin-polarization effects are particu-
larly important for ZGNRs. Therefore we perform spin-
polarized (nonspin-polarized) calculations for ZNGR-N
(AGNR-N).
Phonon dispersion relations of GNRs are calculated us-
ing the supercell method.50–52 To minimize interactions
from the distant periodic images of a displaced atom from
its equilibrium position, a supercell of nine primitive cells
sufficient for this purpose is used.28 We displace the ith
atom in a primitive cell from its equilibrium position by
±δiα = ±0.015 A˚ and evaluate the forces acting on the
jth atom in the supercell Fjβ(±δiα) using the Hellmann-
Feynman theorem. α and β denote the Cartesian direc-
tions. We then use a finite central-difference scheme to
evaluate the matrix elements of the force constant matrix
K, where Kiα, jβ =
∂2E
∂riα∂rjβ
= −
[
Fjβ(+δiα)−Fjβ(−δiα)
2δiα
]
.
To reduce the number of static DFT calculations, we ex-
ploit the space group operations of AGNR-N and ZGNR-
N so that only atoms in the inequivalent positions are
displaced. The forces50 or interatomic force constants
on the equivalent atoms are deduced from that of the
inequivalent atoms. AGNR-N with N = 2(p + 1) and
N = 2p + 1 belong to the space group number 51 and
47, respectively, where p ≥ 1 is a positive integer; while
ZGNR-N with N = 2p and N = 2p + 1 belong to the
space group number 47 and 51, respectively. The un-
strained (strained) graphene belongs to the space group
number 191 (65).
III. RESULTS AND DISCUSSION
A. Optimized Lattice Parameter of GNRs
Since this work concerns the effect of strain ε =
(` − `0)/`0 on the thermal conductance, we first need
to obtain the optimized length `0 (see Figure 1) of GNR-
N for different N (or equivalently, width W ). We ob-
tain `0 for each N by performing atomic relaxation of
GNRs with different ribbon lengths ` in the x direction
(see Figure 1). The total energies of the relaxed struc-
tures are then fitted to a polynomial function to obtain
the optimized ribbon length `0. For ease of comparison
between AGNR-N and ZGNR-N , the optimized lateral
lattice parameter a0 is calculated according to a0 =
`0√
3
and a0 = `0 for AGNR-N and ZGNR-N respectively.
From Figure 2, we find that while a0 for ZGNR-N mono-
tonically increases toward a′0 = 2.471 A˚ (the optimized
lattice parameter of graphene) with increasing W , a0 of
AGNR-N monotonically decreases toward a′0 with an ob-
servation that AGNR-N exhibits a three-family behav-
ior for a0, i.e., the convergence of a0 is systematic when
the AGNR-N are grouped according to N modulo 3.
We note that other three-family behaviors for AGNR-
N have also been found for the electronic bandgap49,
edge energy42,53, and the LO/TO splitting54. The three-
family behavior for a0 of the AGNR-N ribbons may be
understood using the concepts of aromaticity and reso-
nance bond theory.55 Wassmann et al. argued that AG-
NRs can be classified into three different families depend-
ing on the number of equivalent Clar’s structures that
can be constructed for each AGNR-N .53 Clar’s struc-
tures must contain the maximum number of aromatic
pi-sextets which can be accommodated by the structure.
In Figure 3, we show examples of the equivalent Clar’s
structure that can be constructed for AGNR-N belonging
to the three different families, and the bond lengths for
the optimized structures. For AGNR-N where N = 3p
and p is an integer, only one Clar’s structure can be con-
structed; for N = 3p+ 1, there are two equivalent Clar’s
structures, and for N = 3p + 2, more than two equiva-
lent Clar’s structures can be constructed. Since the C–C
resonance bond is shorter than the C–C single bond, the
N = 3p structures will have longer bond lengths – which
results in a larger a0 – as compared to the N = 3p + 1
and N = 3p + 2 structures. In contrast, for ZGNR-N
with unpaired spins at the edges, more than two equiv-
alent Clar’s structure can be drawn for any N .53 For
width W ∼ 50 A˚, the value of a0 differs from that of the
bulk graphene by less than 0.1% (0.02%) for AGNR-N
(ZGNR-N).
B. Thermal Conductance of Unstrained GNRs
Using the optimized `0 and atomic coordinates for
GNR-N , we perform the phonon dispersion calculation
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FIG. 3: The three families of AGNR-N : the N = 3p family
has only one possible Clar’s structure, the N = 3p+ 1 family
has two Clar’s structures and the N = 3p + 2 family has
more than two Clar’s structures. The bond lengths for each
optimized AGNR are also shown. The longest C–C bonds in
each structure are highlighted in red.
(see Figure 6 for typical results) and subsequently ob-
tain the thermal conductance by the counting method45.
Figure 4(a) shows the thermal conductance σ(T, ε) at
T = 300 K and ε = 0.00 for GNRs as a function of
W . We find that ZGNR-N have higher conductances
as compared to AGNR-N with comparable W . This is
due to the fact that the phonon dispersions of ZGNR
are more dispersive (a single phonon branch is more dis-
persive if it covers a larger frequency range) compared
to that of AGNRs,28 thus increasing the thermal con-
ductance through a change in the transmission function
θ(ν). Since the dispersiveness is related to the gradient
dω/dk, which is the phonon velocity,46 we may also say
that ZGNRs have higher phonon velocities than AGNRs,
resulting in higher thermal conductance.
While bulk graphene is a fully pi-resonant structure
with equal C–C bond lengths between the C atoms, the
presence of edges in the GNRs limits the extent of the
pi-resonance. Hence not all of the C–C bond lengths are
equivalent as explained in Figure 3. Therefore, we expect
the thermal conductance of GNRs to be different from
bulk graphene due to this edge effect. In Figure 4(b),
we show the average transmission function θ(ν) for the
bulk graphene in the armchair and zigzag directions. The
σ(300 K, 0.00) for bulk graphene in the armchair (zigzag)
direction is 0.18 nW/K (0.32 nW/K). As W → ∞, the
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FIG. 4: (a) Thermal conductance σ(T = 300 K, ε = 0.00) of
AGNR-N (N = 4 to 11) and ZGNR-N (N = 3 to 7). The
slopes of the dash lines are deduced from the thermal conduc-
tance of bulk graphene at 300 K in the armchair and zigzag di-
rections. (b) Average transmission function for bulk graphene
along the armchair and zigzag directions. (c) Phonon densi-
ties of states (DOS) of AGNR-11 and AGNR-10∗, which is the
sum of the DOS of AGNR-10 and the DOS of bulk graphene.
(d) Phonon DOS of ZGNR-7 and ZGNR-6∗, which is the sum
of the DOS of ZGNR-6 and the DOS of bulk graphene.
edge effect of GNRs should converge to some finite value,
and hence the conductance increase from AGNR-(N −1)
to AGNR-N should approach the conductance value of
bulk graphene in the armchair direction. The expected
conductance slopes for AGNRs and ZGNRs are shown
in Figure 4(a). Table ?? shows that for the largest W
investigated in this study — AGNR-11 and ZGNR-7 —
the conductance slope for AGNR-11 is 34% lower than
that predicted for the bulk graphene, whereas the slope
is only 5% lower for ZGNR-7. These discrepancies may
be attributed to the strong edge effect on the narrow
width ribbons that we have studied here. Even though we
are unable to provide a quantitative measure of the edge
effects, we are able to provide qualitative evidence of the
edge effect. In Figure 4(c), we show the phonon density of
states (DOS) for AGNR-11 and AGNR-10∗, which is sum
of the DOS of AGNR-10 and the DOS of bulk graphene.
We find that the edge effect is still rather strong in the
GNRs since the DOS of AGNR-11 does not match well
with AGNR-10∗. Similarly the DOS of ZGNR-7 does
not match well with ZGNR-6*. This in turn suggests
why the conductance slopes do not agree for very narrow
width ribbons. We point out the fact that ZGNR-N has
a better agreement in the conductance slope compared
to AGNR-N is consistent with the observation that a0
converges faster to a′0 (the optimized lattice parameter
of graphene) for ZGRN-N than for AGNR-N , as shown
in Figure 2.
It is found that, except for AGNR-3, all unstrained
ZGNR-N and AGNR-N are stable when l0 corresponds
to a′0 and a
′
0
√
3, respectively, with a small adjust-
ment according to Figure 2. Figure 5(b) shows the
phonon dispersion of AGNR-3 (more commonly known as
5(a)
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FIG. 5: The primitive cell of AGNR-3 (a) shows a large neg-
ative frequency of ∼ 100 cm−1 in the phonon dispersion rela-
tions at the zone boundary (b). The relaxed structure (c) of
the enlarged primitive cell AGNR-3, where the torsion angle
between the 2 hexagon rings is 30◦. (d) Phonon dispersion
relation of the enlarged primitive cell of AGNR-3 shows no
soft modes.
polyphenylene) of a 10-atom primitive cell that possesses
soft modes extending from Γ point to the zone boundary
with a large negative frequency of ∼ 100 cm−1. We cre-
ate a new 20-atom supercell by combining two adjacent
primitive cells along the x direction, which causes the
soft mode of the original supercell at the zone boundary
to be folded to Γ point of the Brillouin zone of the en-
larged supercell. We perform a phonon calculation for the
20-atom supercell and use the eigenvector of the lowest
frequency (i.e., the eigenmode with imaginary frequency)
to displace the atoms for a further atomic relaxation. We
obtain a relaxed structure shown in Figure 5(c), where a
torsion angle of 30◦ between alternate hexagon rings is
observed. This is slightly smaller than the 40◦ calculated
by Brocorens et al. using the Hartree-Fock AM1 method
for terphenyl.56 The enlarged supercell for AGNR-3 is in-
deed stable according to the phonon dispersion relation
shown in Figure 5(d), where no soft modes are observed.
This unit cell has a lower total energy of 4 meV/atom
compared to that of the unstable, planar AGNR-3.
C. Effect of Tensile Strain on Thermal
Conductance of GNRs
Next we investigate the effect of tensile strain on the
thermal conductance of GNRs. Two different strain val-
ues  = 0.05 and 0.10 have been applied to the GNRs.
ε= 0.05ε =0.00 ε= 0.10
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FIG. 6: Phonon dispersion relations for (a) AGNR-5 and (b)
ZGNR-3. Three different strain values of ε = 0.00, 0.05, and
0.10 are considered.
Similar to the previous section, we perform phonon cal-
culations for AGNR-N and ZGNR-N before we calculate
the thermal conductance. Figure 6 shows the typical
phonon dispersion relations for AGNR-5 and ZGNR-3.
We see that while the highest-frequency C–H stretch-
ing modes of ∼ 3200 cm−1 are not affected by strain, all
other high-frequency modes between ∼ 1000−1600 cm−1
are consistently reduced. On the other hand, the two
lowest-frequency out-of-plane acoustic (ZA) modes in-
crease in frequency as strain is applied. (In the case of
graphene, Bonini et al. observed that the frequency of
the out-of-plane mode increases as isotropic tensile strain
is applied.57) The changes to the eigenmode frequencies
may be understood from the changes to the force con-
stants as strain is applied, as shown in Figure 7 (to sim-
plify analysis, we show only the xx, yy, and zz diagonal
components). Tensile strain in AGNR-5 leads to sub-
stantial decrease in the in-plane force constants along the
longitudinal (x) and transverse (y) directions due to the
lengthened C–C bonds.58,59 The largest decrease in the
force constants for AGNR-5 is −24% and −10% in the xx
and yy directions, respectively. For ZGNR-3, the largest
decrease is −42% and −13% in the xx and yy compo-
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FIG. 7: The force constant Kiα, jα (in units eV/A˚
2) of
AGNR-5 as a function of rij = |ri − rj | for the ith (jth)
atom located at ri (rj). The ith atom (circled in red in the
inset of (a)) is displaced in (a) α = x, (b) α = y, and (c)
α = z direction. The strain values are ε = 0.00 (black circles)
and ε = 0.10 (red squares). The two lowest out-of-plane (ZA)
phonon eigenmodes are depicted in the insets of (b) and (c).
The arrows (in red) on the atoms indicate the vibration di-
rection and amplitude of each atom. The results in (d–f) are
for ZNGR-3.
nents, respectively. However, the force constants in the
out-of-plane (z) direction have either increased slightly
or remained the same, and this leads to the increase of
the frequency of the out-of-plane modes. The largest in-
crease in the force constants in the zz component is 6%
(8%) for AGNR-5 (ZGNR-3).
The effect of strain on the thermal conductance is
shown in Figure 8 for three representative temperatures
T = 50 (low temperature), 300 (intermediate tempera-
ture) and 500 K (high temperature). To directly com-
pare the conductance of a strained GNR and an un-
strained GNR, we define the relative conductance as
σr(T, ε) =
σ(T,ε)
σ(T,0) . The results for σr(T, ε) are shown in
Figure 9.
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FIG. 8: Conductance plots for (a) AGNR-N (N = 4 to 11)
and (b) ZGNR-N (N = 3 to 7) for  = 0.00, 0.50 and 0.10
and T = 50, 300 and 500 K.
We find that at a low temperature of T = 50 K, the
thermal conductance is dominated by the low-frequency
modes28 since the derivative ∂nB∂T diminishes rapidly with
increasing ν. For AGNR-N , the thermal conductance
substantially increases when tensile strain is applied,
where an increase of up to 20% compared to the un-
strained AGNR can be achieved. This increase in con-
ductance is due to an increase in the frequencies of the
two lowest-frequency acoustic phonon eigenmodes upon
the application of strain, as was discussed in Figure 6(a).
However for ZGNR-N at T = 50 K, σr(T, ε) with ε =
0.05 and 0.10 does not increase, but remains fairly con-
stant at 1, despite the fact that the lowest-frequency out-
of-plane ZA modes also increase in frequency after strain
is applied. This is because the two low-frequency out-of-
plane ZA phonon eigenmodes of unstrained ZGNR-N are
more dispersive than AGNR-N (e.g., the frequency at the
zone boundary is 370 cm-1 for ZGNR-3 versus 90 cm-1
for AGNR-5, as shown in Figure 6), even though the fre-
quencies of the lowest two ZA phonon branches increase
with strain. Hence we can understand that the increase
of thermal conductance in AGNR-N is due to the pres-
ence of new low-frequency modes that are easily excited
at a low temperature. For ZGNR-N , a low temperature
only excite the existing low-frequency modes because the
new low-frequency modes (from the effect of strain) oc-
cur at much higher frequencies as compared to that of
the AGNR-N , and therefore cannot be easily excited
thermally. Our results at low temperature differ from
that reported in Ref. 36 where essentially the same in-
crease in thermal conductance occurs for both AGNR-N
and ZGNR-N . As the temperature increases, the higher-
frequency modes start to contribute to the thermal con-
ductance in addition to the lower-frequency ones. How-
ever, since the high-frequency modes are suppressed due
to the smaller force constants caused by the lengthening
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FIG. 9: Relative conductance σr(T, ε) of AGNR-N (N = 4 to
11) and ZGNR-N (N = 3 to 7) of width W for (a) ε = 0.05
and (b) ε = 0.10 for at T = 50, 300 and 500 K.
of the strained bonds, there will be competition between
the reduction in thermal conductance due to the high-
frequency modes, and the increase due to low-frequency
modes. For AGNR-N at T = 300 and 500 K, the former
effect is stronger than the latter, especially at a larger
strain value, and this explains the significant reduction
of the thermal conductance as shown in Figure 8(a) at
progressively higher temperatures. However, for ZGNR-
N , the effects of high- and low-frequency almost cancel
out each other, thus leading to a near-constant behav-
ior of thermal conductance. From Table ??, we see that
the edge effect is generally stronger for AGNRs than for
ZGNRs even in the presence of strain.
Since the thermal conductance of the GNRs displays a
nonmonotonic behavior with temperature, it may be use-
ful to discuss the ‘cross-over temperature’ of the GNRs,
which is the temperature below (above) which the ther-
mal conductance of a strained GNR is more (less) than
that of the unstrained GNR. We show in Figure 10 the
cross-over temperatures of the strained GNRs, and note
that they are close to room temperature. This shows
that we may control the thermal conductance of strained
GNRs within a reasonable range of temperatures.
Finally we also investigate the relative conductance of
a few GNRs at different strain values, the results of which
are shown in Figure 11. At low temperatures such as
T = 50 K, the thermal conductance of AGNR-N in-
creases monotonically with increasing ε; whereas it re-
mains fairly constant for ZGNR-N . At higher tempera-
tures of T = 300 and 500 K, σr(T, ε) for both AGNR-N
and ZGNR-N decrease with increasing ε, with AGNR-N
showing a larger relative drop for the same amount of ε.
We find that the thermal conductance of AGNRs is more
sensitive to tensile strain than ZGNRs at 300 K, which
is consistent with the conclusions of Wei et al..25 Zhai
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FIG. 10: Cross-over temperatures (see text) for (a) AGNR-
N (N = 4 to 11) and (b) ZGNR-N (N = 3 to 7) at ε =
0.05 and 0.10.
et al.36 predicted that with the application of ε = 0.19
on GNRs of wide widths (∼ 2.6 nm), the thermal con-
ductance of strained GNRs should be higher than the
corresponding unstrained ones even at 400 K. In the
case of the narrow width GNRs studied in this paper,
we show in Figure 10 that the cross-over temperatures
do not exceed 400 K. We attribute the discrepancy be-
tween our results and those obtained by Zhai et al. due
to their assumptions that the out-of-plane elastic con-
stants do not change with strain and that only nearest-
neighbor force constants are used. Recently, significant
progress has been made toward synthesizing GNRs of
specific edge orientations.60 Based on our results, we pre-
dict that the thermal conductance anisotropy between
AGNRs and ZGNRs suggests selective use of ZGNRs as
fillers in thermal interface materials because their ther-
mal conductance is higher and less adversely affected by
strain as compared to AGNRs. AGNRs on the other
hand, might act as a suitable thermoelectric material be-
cause of their inherent lower thermal conductance com-
pared to ZGNRs, and their thermal conductance can be
further lowered with the application of strain. However,
the nonmonotonic variation of thermal conductance with
respect to strain for the AGNRs means that straining the
AGNRs to decrease their thermal conductance shall only
be effective above the cross-over temperature.
IV. CONCLUSION
In conclusion, we have investigated the thermal con-
ductance of AGNR-N and ZGNR-N as a function of ten-
sile strain on the GNRs with accurate density-functional
theory calculations and the nonequilibrium Green’s func-
tion method. The lateral lattice constants of AGNR-N
are found to follow a three-family behavior that depends
on N . We found that tensile strain decreases the force
constants in the in-plane directions of the GNRs, but
slightly increases the force constants in the out-of-plane
direction, which increase the two lowest-frequency out-
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FIG. 11: Relative conductance σr(T, ε) versus strain ε for (a)
AGNR-N (N = 4, 7, and 11) and (b) ZGNR-N (N = 3, 5,
and 7) at T = 50, 300 and 500 K.
of-plane acoustic modes. These modes play a decisive
role in increasing the thermal conductance of AGNR-N
at low temperatures, but not for ZGNR-N . Hence the
fact that the phonon dispersions of ZGNR-N is more
dispersive than that of AGNR-N of comparable widths
results in two important outcomes: (1) the unstrained
ZGNR-N has a higher thermal conductance compared
to the unstrained AGNR-N of comparable widths, and
(2) that at low temperatures, the thermal conductance
of the strained ZGNR-N is less sensitive toward the ef-
fect of strain than that of AGNR-N . At high temper-
atures, the thermal conductance of the strained ZGNR-
N and AGNR-N decreases (relative to the unstrained
ones) with strain due to the fact that the frequency of
the high-frequency modes shifts down as a result of the
weakening of the interatomic force constants in the in-
plane direction. The use of the state-of-the-art tech-
niques such as density-functional theory and the nonequi-
librium Green’s function method is able to reveal intri-
cate quantum-mechanical effects that may be hard or im-
possible to be captured with force-field type interactions.
Finally, it might be interesting to study the role of out-of-
plane modes in other strained single-layer systems such
BN, MoS2, and WSe2.
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